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Abstract. From a spray space S on a manifold M we construct a new geo- 
metric space P of larger dimension with the following properties: 

( i) Geodesies in P are in one-to-one correspondence with parallel Jacobi fields 
of M. 

( ii) P is complete if and only if S is complete. 

(Hi) If two geodesies in P meet at one point, the geodesies coincide on their 
common domain, and P has no conjugate points. 

(iv) There exists a submersion that maps geodesies in P into geodesies on M. 
Space P is constructed by first taking two complete lifts of spray S. This will 
give a spray S'^'^ on the second iterated tangent bundle TTM. Then space P 
is obtained by restricting tangent vectors of geodesies for S'^'^ onto a suitable 
(2 dim M + 2)-dimensional submanifold of TTTM. Due to the last restriction, 
space P is not a spray space. However, the construction shows that conjugate 
points can be removed if we add dimensions and relax assumptions on the geo- 
metric structure. 



1. Introduction 

Suppose 5 is a spray on a manifold M. In this paper we show how to construct a 
new geometric space P that is based on S, but such that P has no conjugate points. 
This is done in three steps: 

( i) We start with a spray 5 on a manifold M. For example, S could be the 
geodesic spray for a Riemannian metric, a Finsler metric, or a non-linear 
connection IIBM07l[S^96llShe01L 

(ii) Next we take two complete lifts of S (see below). The first complete lift 
gives a spray on TM whose geodesies are Jacobi fields on M. Similarly, 
the second complete lift gives a spray S^^ on TTM whose geodesies can 
be described as Jacobi fields for geodesies for 5^. That is, geodesies of S"^ 
describe linear deviation of nearby geodesies in M, and geodesies of S'^ 
describe second order deviation of nearby geodesies in M. 

(Hi) In the last step, we restrict tangent vectors of geodesies of S^^ onto a 
submanifold A C TTTM that is invariant under the geodesic flow of S"^. 
By choosing A in a suitable way, we obtain a space P where geodesies 
are in one-to-one correspondence with parallel Jacobi fields in M. 

In step ( ii) the original spray S is lifted twice using the complete lift. Essentially, 
the complete lift can be seen as a geometrization of the Jacobi equation. For ex- 
ample, if we start with a (pseudo-)Riemannian metric g on M, the complete lift of 
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g gives a pseudo-Riemannian metric g'^ on TM whose geodesies are Jacobi fields 
on M. Tliis means tliat Jacobi fields on M can be treated as solutions to a geodesic 
equation on TM, whence there is no need for a separate Jacobi equation. In this 
work we will use the complete lift of a spray. For affine sprays, this complete lift 
was introduced by A. Lewis ILewOOI . In the Riemannian context, the complete lift 
is also known as the Riemann extension, and for a discussion about the complete 
Uft in other contexts, see IIBD08II . In step (ii), we need to study sprays on man- 
ifolds M, TM, and TTM and also complete lifts of sprays on M and TM. To 
avoid studying all these cases separately we first study sprays and complete lifts on 
iterated tangent bundles of arbitrary order. This is the topic of Sections |2ll6l 

In step ( Hi) the phase space of spray S'^^ on TTM is restricted to a submanifold 
A C TTTM. By choosing A suitably, we define a geometry P where geodesies 
are in one-to-one correspondence with parallel Jacobi fields (Jacobi fields of the 
form ac'{t) + j3tc'{t) where c : I ^ M is a geodesic of S). The geometry of sprays 
that have been restricted in this way is described in Section |7] Previous work on 
sprays with restricted phase space can be found in BAnaOll |Lew96[ |Lew98i The 
space P is constructed and discussed in Section [8] Here we show that P has no 
conjugate points. We also show that the canonical submersion vr: TTM M 
maps geodesies in P into geodesies in M. Hence the geometry of P can be used 
to study dynamical properties of M. 

Let us emphasize that due to the restriction in step (Hi), space P is not a spray 
space. It seems that to remove conjugate points, some relaxation of the underlying 
geometric structure is needed. For example, in Riemannian geometry the assump- 
tion that a manifold has no conjugate points can have strong implications. 



( i) Suppose M is a n-torus with a Riemannian metric. Then the no-conjugate 
assumption imphes that M is flat |BI94l |Hop48 1. 

(ii) Suppose M is a Riemannian manifold such that M is complete, simply 
connected, dim M > 3, and M is flat outside a compact set. Then the 
no-conjugate assumption implies that M is isometric to M" IICro91ll . 



See also IICro04[ |CK95[ [Rug07p. If one relaxes the assumption on the geometric 



structure, then the no-conjugate assumption becomes weaker; on the 2-torus, there 
are non-flat affine connections without conjugate points I Kik641 . and on the n-torus 
there are non-flat Finsler metrics without conjugate points IICK95I . 

We will not study applications. However, let us note that there are many problems 
in both mathematics and physics where a proper understanding of conjugate points 
and multi-path phenomena seem to be important. For example, in traveltime to- 
mography a typical assumption is that the manifold has no conjugate points. See 
llCFo04.,SU05,l . Another example is the volume-preserving diffeomorphism group. 
This is a infinite dimensional Riemannian manifold whose geodesies represent in- 
compressible fluid flows on M. Currently, an active area of research is studying the 
exponential map and conjugate points for this manifold IIAK981 |Pre06L As a last 
example, let us mention geometric optics. Here conjugate points are problematic 
since they lead to caustics, where the amplitude becomes infinite. 
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2. Preliminaries 

We assume that M is a smooth manifold without boundary and with finite dimen- 
sion n > 1. By smooth we mean that M is a topological Hausdorff space with 
countable base that is locally homeomorphic to M", and transition maps are C°°- 
smooth. All objects are assumed to be C°°-smooth on their domains. 

By (rM,7ro,M) we mean the tangent bundle of M. For r > 1, let T'^M = 
T ■■■ TM be the r:th iterated tangent bundle, and for r = let r°M = M. For 
example, when r = 2 we obtain the second tangent bundle TTM IIBes78llFL99L 
and in general T'^+^M = TT^'M for r > 0. 

For a tangent bundle T'^'^^M where r > 0, we denote the canonical projec- 
tion operator by vr,. : T'^'^^M — s- T^M. Occasionally we also write ttttm-^m, 
tttm-^m, ■ ■ ■ instead of ttq o vri, ttq, . . .. Unless otherwise specified, we always 
use canonical local coordinates (induced by local coordinates on M) for iterated 
tangent bundles. If are local coordinates for T^'M for some r > 0, we denote 
induced local coordinates for T'+^M, T''+'^M, and T'^+^M by 

(x,y,X,y), 
{x,y,X,Y,u,v,U,V). 

As above, we usually leave out indices for local coordinates and write {x, y) instead 

of (x\y'). 

For r > 1, we treat T^M as a vector bundle over the manifold T'-^M with 
the vector space structure induced by projection vr,—! : T'^M T^~^M unless 
otherwise specified. Thus, if {x* : i = 1, . . . , are local coordinates for 

T^~^M, and {x, y) are local coordinates for T^M, then vector addition and scalar 
multiplication are given by 

(1) {x,y) + {x,y) = {x,y + y), 

(2) A-(x,y) = {x,Xy). 
If X G r'"M and r > we define 

T^+^M = {e G r'+^M : TTriO = x}. 

For r > 0, a vector field on an open set U C T^M is a smooth map X : {7 — > 
T'^+^M such that vr^ o X = id[/. The set of all vector fields on U is denoted by 
X{U). 

Suppose that 7 is a smooth map 7: (— e,e)'^ T^M where k > I and r > 0. 
Suppose also that -y{t^, . . . , t^) = (x*(t^, . . . , t'^)) in local coordinates for T^M. 
Then the derivative of 7 with respect to variable is the curve d^j: {—e,e) 
— > T^~^^M defined by d^jj = (x*, dx^/dP). When /c = 1 we also write 7' = dtj 
and say that 7' is the tangent of ^. 

Unless otherwise specified we always assume that I is an open interval of M that 
contains 0, and we do not exclude unbounded intervals. If : Af — > is a smooth 
map between manifolds, we denote the tangent map TM — > TN by Dcj), and if 
c : / — > M is a curve, then 

(3) {^oc)'{t) = Dcpo(^{t), tel. 
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2.1. Transformation rules in T'^'M. Suppose that x = (x*) and x = (5*) are 
overlapping coordinates for T^M where r > 0. It follows that if ^ G T^+^M has 
local representations (x, y) and (x, y), we have transformation rules 



Now {x,y) and are overlapping coordinates for T^+^M. It follows that 

if G T^'^'^M has local representations {x,y,X,Y) and (x,y,X,y), we have 
transformation rules 



x' 


= x\x 






dx^ 
dx"- 






dx^ 
dx"' 


[x)X\ 




dx^ 
dx"' 


[x)Y'' + 



^2 r^i, ^ 



3. Lifts on iterated tangent bundles 



3.1. Canonical involution on T^'M. When r > 2 there are two canonical projec- 
tions T'M T'-^M given by 

(4) -nr-i : TM T'^'^M, L»7r^_2 : T'' M T'^M. 

This means that T'^M contains two copies of T^'^^M, and there are two ways to 
treat T^'M as a vector bundle over T'^'^^M. Unless otherwise specified, we always 
assume that T'^M is vector bundle {T'''M, vr^ -i , V'^M), whence the vector struc- 
ture of T^M is locally given by equations (O-©. However, there is also another 
vector bundle structure induced by projection DTTr-2 '■ T'' M — > T^~^M. If are 
local coordinates for T^'^'^M and (x, y, X, Y) are local coordinates for T^M, this 
structure is given by 

(5) {x,y,X,Y) + {x,y,X,Y) = {x,y + y,X,Y + Y), 

(6) A-(x,y,X,y) = (x,Ay,X,Ay). 

Next we define the canonical involution : T'^M T^M IIBD081 . It is a hnear 
isomorphism between the above two vector bundle structures for T^M defined 
such that the following diagram commutes. 

T^'M ^ ^ T'^M 




On TTM, this involution map is well known IIBes78l lFL99l IKMS93I IMic96i 
ISak96l . 

Definition 3.1 (Canonical involution on T^M). For r > 2, the canonical involu- 
tion Kr : T^M —5- T^M is the unique diffeomorphism that satisfies 

(7) dtdsc{t, s) = Kr o dsdtc{t, s) 
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for all maps c: (— e, e)^ T^~'^M. For r = 1, we define ki = id^Af . 

Let r > 2, let x* be local coordinates for T'^~'^M, and let (x, y, X, Y) be local 
coordinates for T^M. Then 

Kr{x,y,X,Y) = {x,X,y,Y). 

For example, in local coordinates for TTM and TTTM we have 

K2{x,y,X,Y) = {x,X,y,Y), 
K3{x,y,X,Y,u,v,U,V) = {x,y,u,v,X,Y,U,V). 
For r > 1, we have identities 



(8) = idr-M, 

(9) TTr o = l^r ° T^r, 

(10) DlTj—l = TTr o 

(11) TTr — loDTTr — l = TTr-lOVT,., 

(12) ZJvTj,- 1 O vr J. = TTrODDTTr — l, 

(13) DDlTr-l o Kr-\-2 = Hr+l ° DDHr-l, 

(14) Vr.f._i O TTf. O = TTr-l ° T^r- 



Let us point out that the two projections in equation (H)) are not the only projections 
from T^^^M — > T'^M. For example, when r = 3, there are (at least) 6 projections 

T^M T'^M; TT2, K2 ° TT2, DiTi, K2 o DiTi, DDttq, and K2 o DDttq. 

Let 7o be a curve 70 : / ^ T^^^M for some r > 1, and let 

^(70) = {r/: / ^ r''M : vr^-i o?7 = 70}. 

Elements in X{'-fo) are called vector fields along 70, and X(7o) has a natural vector 
space structure induced by the vector bundle structure of T''"M in equations ([T]!-©. 
If r? G X(7o) andC G R, then 

(15) Kr+i o (Cr/)' = C{Kr+ior]'), 
and if r/i , r?2 G ^(70). then 

(16) Kr+l O {rji + r/2)' = Hr+l ° V'l + O 

It follows that Kr+i o dt : 3£(7o) — > 3C(7q) is a linear map between vector spaces. 

3.2. Slashed tangent bundles T''M\{0}. The slashed tangent bundle is the open 
set in TM defined as 

rAf\{0} = {yeTM-.y^Q}. 

For an iterated tangent bundle T^M where r > 2 we define the slashed tangent 
bundle as the open set 

T^M \ {0} = G T'-M : (Dvrr.-iA/^M)(0 ^ ™ \ {0}} • 
For example, 

TTM\{<d] = {{x,y,X,Y) €TTM : X ^0}, 

TTTM\{0} = {{x,y,X,Y,u,v,U,V) eTTTM :u^0}, 
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where, say, TTM\{0} = T'^M\{0}. When r = 0, let us also define r'"Af\{0} = 
M, and for any set AcT'^'M where r > 0, let 

^\{0} = ^nr^M\{o}. 

For r > 1 we have 

(17) K,+i(r+iA/\{o}) = r(r^M\{o}), 

(18) (D7r,_i)(r-+iM\{0}) = T-M\{0}, 

(19) (L>K,)(r"+iM\{0}) = T"+iM\{0}. 

Before proving these equations, we define the Liouville vector field Ey G jC(T''M). 
For r > 1, it is given by 

If r > 1, and (x, y) and (x, y, X, y) are local coordinates for T"" M and T'^+^M, 
respectively, then 

Er{x,y) = {x,y,0,y). 
Equation ([TTl) follows using equation (flOl ) and by writing 

(20) TTT^M^M = TTrpr-iM^^j o TTr-1, r > 1. 

If r > 1, we have 

(21) C = DTTr-lOKr+loEriO, ^GT^'M, 

and equation (fTSl ) follows using equations (fTTl) and (l20l) . Equation (O follows 
using equations ([TT]) and (l20b . 

3.3. Lifts for functions. Suppose / € C°°{M) is a smooth function. Then we 
can lift / using the vertical lift or the complete lift and obtain functions , E 
C°^{TM) defined by 

(22) no = f°M^), no = dfio, i&TM. 

Here df is the exterior derivative of /. In local coordinates (x, y) for TM, it 
follows that 

r(x,y) = /(x), r(x,y) = ^(x)y\ 

Using these lifts one can define vertical and complete lift for tensor fields on M of 
arbitrary order. For a full development of these issues, see IIYI73I1 . 

Next we generalize the vertical and complete lifts to functions defined on iterated 
tangent bundles T'"M of arbitrary order r > 0. 

Definition 3.2. For r > 0, the vertical lift of a function / G C°°{T''M \ {0}) is 
the function f £ ^^{T'+^M \ {0}) defined by 

If r = 0, Definition 13 . 2 1 reduces to lift f " in equation (l22l) . and if r > 1, equation 
([Tol l implies that = f o D-Kr-i, and equation (fTSl) implies that is smooth. 
For r > 1, let x* be local coordinates for T^'~^M, and let (a;,y,X, y) be local 
coordinates for T'+^M. Then 

r(x,y,X,y) = /GC°°(™\{0}). 



A GEOMETRIC SPACE WITHOUT CONIUGATE POINTS 



7 



Definition 3.3. For r > 0, the complete lift of a function / G C°°{T''M \ {0}) is 
the function f £ C'^{T''+^M \ {0}) defined by 

If r = 0, then Definition [33] reduces to lift in equation (l22l ). and if r > 1, then 
equation ([17] ) implies that is smooth. For r > 1, let be local coordinates for 
T^-^M, and let (x, y, X, y) be local coordinates for T^'+^M. Then 

r(x,y,X,y) = + /GC-(™\{0}). 

Taking two complete lifts of / G C°°{T''M \ {0}) yields 

(23) r = nx,Y,u,V) 

+ (^) ' ^' ^' + (^) ' ^' ^' 

where argument (x, y, X, Y, u, v, U, V) G T^'^'^M \ {0} has been suppressed. 
If / G C°°(r'"M \ {0}) for some r > 1, then 

(24) /™ = /™o(Dk,+i), 

(25) r = ro{DKr+,), 

(26) r = ro{DKr+i). 

In Section [6] we use these identities to study geodesies of iterated complete lifts of 
a spray. 

4. Sprays 

A spray on M is a vector field S on TM \ {0} that satisfies two conditions. Es- 
sentially, these conditions state that ( i) integral curves of S are closed under affine 
reparametrizations t h->- Ct + to, and an integral curve of S is of the form 
c' : I ^ TM \ {0} for a curve c: I M. Then curve c: I — > M is a geodesic 
of S. The motivation for studying sprays is that they provides a unified framework 
for studying geodesies for Riemannian metrics, Finsler metrics, and non-linear 
connections. See I BM07. .Sak96. SheOU . Next we generalize the definition of a 
spray to iterated tangent bundles T^M for any r > 0. 

4.1. Sprays on r''M. 

Definition 4.1 (Spray space). Suppose 5 is a vector field S G X{T''-^'^M \ {0}) 
where r > 0. Then S" is a spray on T^'M if 

(i) {D7rr){S) = idy,.+ij^/\|o}, 

[^^+1, S] = S for Liouville vector field Er+i G X{T''+'^M). 

Let 5 be a vector field S G X{T''+^M \ {0}) where r > 0. Then condition [fO 
in Definition 14. 1 1 states that if (x, y, X, Y) are local coordinates for T^'^'^M, then 
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locally 



(27) 



S{x,y) 



= {x\y\y\-2G'{x,y)) 



d ■ d 

dx^ ^ ''^ot 




where G' are locally defined functions G' : T''+^M \ {0} M. Condition ^n^ 
states that functions G* are positively 2-homogeneous; if {x,y) € T^'^^M \ {0}, 
then 



This is a consequence of Euler's theorem for homogeneous functions BBCSOOL 

Conversely, if S" is a vector field S G je(r''+^M \ {0}) that locally satisfies these 
two conditions, then 5 is a spray on T'^M. Functions G* in equation (l27l) are called 
spray coefficients for S. 

When r = 0, Definition 14. Iti s equivalent to the usual definition of a spray fB M07[ 
ISheOll . However, when r > 1, Definition ^. 1 I makes a slightly stronger assumption 
on the smoothness of 5. Namely, if r > 1 and 5 is a spray on T^M (in the 
sense of Definition 14. II ) then S is smooth on T^^^M \ {0}, but if 5 is a spray on 
manifold T^'M (in the usual sense) then S is smooth on T{T''M) \ {0}. Since 
T{T''M) \ {0} D T''+iM \ {0}, it follows that if 5 is a spray on T'^M (in the 
sense of Definition 14. IK then S is also a spray on manifold T^M (in the usual 
sense). The stronger assumption on S will be needed in Section |5] to prove that 
the complete lift of a spray on T'"M is a spray on T'""'"^M. In this work we only 
consider sprays on T^M that arise from complete lifts of a spray on M. Therefore 
we do not distinguish between the weaker and stronger definitions of a spray. These 
comments motivate the slightly non-standard terminology in Definition 14. II 

The next proposition shows that a spray on T^M induces sprays on all lower order 
tangent bundles M, TM, . . . , T'-'^M. 

Proposition 4.2. If S is a spray on T^~^^M where r > 0, then 

S* = {DDtTj.) o S o Kr-f-2 ° Er+l 

is a spray on T'^M. 

Proof. Equations (flOl ). (l20l) and equations (fT2l) . (l20l ) imply that maps 

Kr+2oEr+i:T'+^M\{Q] ^ r+2M\{0}, 
DDur : T{T-+'^M \ {0}) ^ T{T^+Hl \ {0}), 

are smooth, so S* : T^^^M \ {0} T{T''+'^M \ {0}) is a smooth map. Let 
(x, y) be local coordinates for T^~^^M, and let (x, y, X, Y) be local coordinates 
for T^'+'^M. Then S can be written as 

S{x,y,X,Y) = {x,y,X,Y,X,Y,-2G\x,y,X,Y),-2W{x,y,X,Y)) 

for locally defined functions G\W: T^'+'^M \ {0} ^ M that are positively 2- 
homogeneous with respect to {X, Y). It follows that 



G\x,\y) 



X^G\x,y), A>0. 



S*{x,y) 



{x,y,y,-2G'{x,0,y,y)) 
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whence S* is a vector field S* G X{T'-+^M\{0}), and (Z)7r,.)(5*) = idTr+iM\{o}- 
Since functions {x,y) G'^{x,0,y,y) are positively 2-homogeneous, S* is a 
spray. □ 



4.2. Geodesies on T^M. Suppose 7 is a curve 7: I ^ T^M where r > 0. Then 
we say that 7 is re^w/ar if 7'(t) e T'^+^M \ {0} for all t G /. When r = 0, this 
coincides with the usual definition of a regular curve, and when r > 1, curve 7 is 
regular if and only if curve ttt-^m^m I ^ M is regular. 

Definition 4.3 (Geodesic). Suppose S* is a spray on T'^M where r > 0. Then a 
regular curve 7 : / ^ T^M is a geodesic of S if and only if 

7" = 507'. 

Suppose S" is a spray on T''"M and locally S is given by equation (|27] ). Then a 
regular curve 7 : / — > T^M, 7 = (x*), is a geodesic of S" if and only if 

(28) x' = -2G'o-f'. 

In Definition 14.31 we have defined geodesies on open intervals. If 7 is a curve on 
a closed interval we say that 7 is a geodesic if 7 can be extended into a geodesic 
defined on an open interval. 



5. Complete lifts for a spray 

Let S" be a spray on M. Then the complete lift of 5 is a spray S*^ on TM. That 
is, if S determines a geometry on M, then S'^ determines a geometry on TM. The 
characteristic feature of spray 5^ is that its geodesies are essentially in one-to-one 
correspondence with Jacobi fields of S. This correspondence will be the topic of 
Section [6l In this section, we define the complete lift for a spray on an iterated 
tangent bundle T^M of arbitrary order r > 0. This makes it possible to take 
iterated complete lifts; if we start with a spray 5 on M we can take iterated lifts 
S'^, S'^'^, S'^'^'^, . . . and lift 5 onto an arbitrary iterated tangent bundle. 

The definition below for the complete lift of a spray can essentially be found in 
ULewOOi Remark 5.3]. For a further discussion about related lifts, see [ BD08.I . 

Definition 5.1 (Complete lift of spray). Suppose S* is a spray on T'^M for some 
r > 0. Then the complete lift of S is the spray S'^ on T''+^M defined by 

where DS is the tangent map of S, 

DS:T{T''+^M\{0}) ^ T'^ {T''+^ M \ {0}) . 

Let us first note that equations I©, ([TOl), ([Ull, and ([201) imply that 

DKr+2Ofir+3-T\r'+^M\{0}) ^ T{T'+^M\{0}) 

is a smooth map. Thus S"^ is a smooth map T^+^M \ {0} T{T''+^M \ {0}), 
and by equations Q, and 5^ is a vector field S" G X{T''+'^M \ {0}). If 
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S is the spray in equation (|27] ). then locally 

(29) = (^x,y,X,Y,X,Y,-2iGT,-2{Gy) 



and S" is a spray on T'^+^M. 

Suppose that S* is a spray on M for some r > 0, and suppose that 7 is a regular 
curve 7 : / — > T^'+^M, 7 = {x, y). Then 7 is a geodesic of if and only if 

(30) x' = o (vr^ o 7)', 

(31) y' = -2(G^)^o7'. 

It follows that o 7 = (x*) is a geodesic of S. In fact, if S* is the spray in 
Proposition 14.21 then 

(32) s = {sy. 

Thus a spray can always be recovered from its complete lift. What is more, if 5 is 
a spray on T'"+^M for r > 0, then S*'^ = 5 if and only if S = for a spray A on 

The geodesic flow of a spray S is defined as the flow of S* as a vector field. 

Proposition 5.2 (Geodesic flow for the complete lift of a spray). Suppose S is a 
spray on T^M where r > and S'^ is the complete lift of S. Suppose furthermore 
that 

4): ^(5) ^ T'^+iAf \ {0}, 4)^: ^(5'=) ^ T'^+^M \ {0}, 
are the geodesic flows of sprays S and S"^, respectively, with maximal domains 
&{S) C T'^+^M \ {0} X M, &{S^) c T'+^M \ {0} x M. 

Then 

(33) ((Dvr,) xidM)^(5^) = ^(5), 
and 

(34) </.?(0 = tir+2oDct)tOKr+2{i), 

where D(pt is the tangent map of the map ^ 1-^ 4'tiO where t is fixed. 

Proof. To prove inclusion "C" in equation (1331 ). let t) G &{S^), and let 7 : / — > 
T'+^M \ {0} be an integral curve of 5"= such that 7(0) = ^ and t e /. Then 

DD-Kr = So D-Kr, 

soDiTrOj: /^r''+iM\{0}is an integral curve of S',and((i:»7rr)(C),0 G ^(5'). 
The other inclusion follows similarly since 7' is an integral curve of S"^ when 7 is 
an integral curve of S. 

Suppose f is a curve v : (— e, e) —>■ T^^^M \ {0}, and suppose that curve ^ : / x 

(-e,e)^r'-+2M\{0}, 

(35) i{t,s) = Kr+2°ds{4>tOv{s)) 
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is defined for some interval I and e > 0. For (t, s) G / x (— e, e) we then have 

= DKr+2° ° ds{S o (pi- ov{s)) 

= DKr+2 O O dsdt{4>t O v{s)) 

= DKr+2 odtds{(j)tOv{s)) 

= DKr+2 odt{Kr+2oC{t,s)) 

= dt({t,s). 

To prove equation let {^o,to) G ^(S'^). Let j{t) = (/'t(^o) be the integral 
curve j: r r+^M \ {0} of S"^ with maximal domain /* C M. Then to e I*. 
For a compact subset K C I* with G we show that 

(36) j(t) = Kr+2 O Dfpt O Kr+2{^o), t G K 

whence equation dSll follows. Since e T''+2m\{0}, it follows that ^^+2(^0) = 
dsvis)\s=o for a curve v: ^ T^^+^M \ {0}. Suppose r G K. Then 

(^o,r) G ^(5"), and by equation ([31, (u(0),r) G ^(5). Since ^{S) is open 
IIAM78i . there is an open interval I B t and an e > such that curve ^(t, s) in 
equation (1351 ) is defined on / x (— Then, as K is compact, we can shrink e 
and assume that K C I. Now equation (l36l ) follows since ^(t, 0) = ^^+2 o o 
'«r+2(Co), o C{t, 0) = dtCit, 0) for t G I, and C(0, 0) = ^o- □ 

6. Jacob: fields for a spray 

Definition 6.1 (Jacobi field). Suppose S" is a spray on T^'M where r > 0, and 
suppose that 7 : / ^ T^M is a geodesic of 5. Then a curve J : I —i- T^'^'^M is a 
Jacobi field along 7 if 

f /j J is a geodesic of S'^, 

( ii) TTr o J = 7. 

In Proposition 16.31 we will show that Definition 16.11 is equivalent with the usual 
characterization of a Jacobi field in terms of geodesic variations. In view of Propo- 
sition 15.21 this should not be surprising. For example, in Riemannian geometry 
it is well known that Jacobi fields are closely related to the tangent map of the 
exponential map. 

Definition 6.2 (Geodesic variation). Suppose S" is a spray on T^M where r > 0, 
and suppose that 7 : / ^ r'"M is a geodesic of S. Then a geodesic variation of 7 
is a smooth map V: I x {—e, e) —>■ T^M such that 

(i) V{t, 0) = 7(t) for all t G /, 

(ii) t i—f V{t, s) is a geodesic for all s G (— e, e). 

Suppose that / is a closed interval. Then we say that a curve J: I ^ T^M is 
a Jacobi field if we can extend J into a Jacobi field defined on an open interval. 
Similarly, a map V: I x [—e,e) — > T^M is a geodesic variation if there is a 
geodesic variation V* : I* x (— e*, e*) T^M such that V = V* on the common 
domain of V and V* and I C I*. 
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The next proposition motivates the above non-standard definition for a Jacobi field 
using the complete lift of a spray. 

Proposition 6.3 (Jacobi fields and geodesic variations). Let S be a spray on T^M 
where r > 0, let J : I ^ r'+^M be a curve, where I is open or closed, and let 
7 : / ^ T'^M be the curve 'j = iTr o J. 

(i) If J can be written as 

(37) Jit) = dsV{t,s)\^^^, tel 

for a geodesic variation V : I x {—£, e) T^M, then J is a Jacobi field 
along 7- 

( ii) If J is a Jacobi field along 7 and I is compact, then there exists a geodesic 
variation V : I x {—e, e) — > T^M such that equation (1371 ) holds. 

Proof. For[fj)] let us first assume that / is open. For t ^ I we then have 

S'^odtJ{t) = DKr+2° DS o Kr+2°dtdsV{t,s)\s=0 

= DKr+2 o o ds{S o dtV{t, s))\s=0 

= DKr+2 o ^,.+3 O dsdtdtV{t, s)\s=o 

= DKr+2 o dtdsdtV(t, s)\s=o 

= dtdtdsV{t,s)\s=o 

= J"{t). 

If I is closed, we can extend V and J so that / is open and the result follows from 
the case when / is open. 

For we have J'(0) € T'^'^^M \ {0}, so we can find a curve w: {—£,£) 



T^'+^M \ {0} such that k^+2(J'(0)) = dsw{s)\s=Q. Then u;(0) = 7'(0). Since / 
is compact and ^(5) is open, we can extend / into an open interval /* and find an 
e > such that V{t, s) = vr^ o 0^ o w{s) is a map V : I* x (-e, e) T'^M. We 
have V{t, 0) = 7(f) for t ^ I, and for each s G (— e, e), the map t 1— > V{t, s) is a 
geodesic of S. Proposition 15.21 and equations ([TOb and ^ imply that for t G /, 

J{t) = -Kr+l 0(j)t° J'{0) 

= TTr+l o Kr+2 ° D(j)t o dsW{s)\s=Q 
= ds{TTrO(ptOw{s))\s=Q. 

We have shown that F is a geodesic variation for Jacobi field J. □ 

Suppose c: / — 5- M is a geodesic for a Riemannian metric, where I is compact. 
Then one can characterize Jacobi fields along c using geodesic variations as in 
Proposition 16.31 [dC92l. Using the complete lift, we can therefore write the tradi- 
tional Jacobi equation in Riemannian geometry as J" = S"^ o J'. It is interesting 
to note that the derivation of the latter equation only uses the definition of S'^, the 
geodesic equation for S, the commutation rule ([T]) for k,., and the chain rule in 
equation (O. In particular, there is no need for local coordinates, covariant deriva- 
tives, nor curvature. For comparison, see the derivations of the Jacobi equations in 
Riemannian geometry fSak96], in Finsler geometry BBCSOOII . and in spray spaces 
[.SheOn . All of these derivations are considerably more involved than the proof of 
Proposition I6.3I (/). For semi-sprays, see also IIBM07II and IIBD08L 
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6.1. Geodesies of S^'^. Let 5 be a spray on T^M for some r > 0. We know that 
a regular curve 7: / ^ T^'+^M, 7 = {x,y), is a geodesic of S'^ if and only if 
7 locally solves equations (l30l)-(l3TI). Let us next derive corresponding geodesic 
equations for spray S'^'^. 

Let S be given by equation (l27l) in local coordinates (x, y) for T''"'"^M. Then the 
complete lift of is the spray S"^ on T^^'^M given by 

-2(G^)™, -2(G^)™, -2(G^)^^ -2(G^)^^) . 

Suppose J is a regular curve J: I —>■ T^^'^M, J = {x,y, X,Y). By equations 
(I23]) and (I25] ). J is a geodesic of S'^'^ if and only if 

= -2G'oc', 

f = -2{GroJl 

X' = -2(G^)^o4, 

= -2(G^)^^oj' 

= -2[G'Y[x\Y\±\Y') 

where curves c: / ^ T'M, Ji : / ^ T'^+^M, and J2 : / ^ r^^+^M are given by 

C = 1Tt^+2m^T-^M ° Ji Jl = T^r+l ° J, J2 = {DTTr){J)-: 

and in local coordinates c = (x*), Ji = (x*, y*), and J2 = (x*, X*). 

We have shown that if J is a geodesic of spray S^'^, then J contains two indepen- 
dent Jacobi fields Ji and J2 along c. The interpretation of this is seen by writing 
J = (x, y, X, Y) using a geodesic variation. Then Ji = (x, y) is the base geodesic 
of S'^, and J2 = (x, X) describes the variation of geodesic c: I M. A geomet- 
ric interpretation of components Y^ seems to be more complicated. For example, 
(x, Y) does not define a vector field along c. However, for fixed local coordinates, 
y* describe the variation of the vector components of Jacobi field Ji = (x, y). If 
J2 = 0, that is, the variation does not vary the base geodesic c, then equations 
for y* simplify and (x*,y*) is a Jacobi field. In this case, curve (x*,y*) is also 
independent of local coordinates (see transformation rules in Section [ZT]) . 

6.2. Iterated complete lifts. Let 5° be a spray on M. For r > 1, let S"^ be the rth 

iterated complete lift of S^, that is, for r > 1, let 

Then 5"° , 5^ , . . . are sprays on M, TM, TTM, . . . , and in general, S'' is a spray 

on T'^M. 

Equation (l32l) shows that each S"^ contains all geometry of the original spray S^. A 
more precise description is given by equation ( |29l ). It shows that sprays S^, S^, . . . 
also contain new geometry obtained from derivatives of spray coefficients of 
S'^. Namely, the rth complete lift depends on derivatives of to order r. This 
phenomena can also be seen from the geodesic flows of higher order lifts. If (p is 
the flow of S^, then up to a permutation of coordinates, the flow of 5^ is Dcf), the 
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flow of 5^ is DD(j), and, in general, the flow of 5*" is the rth iterated tangent map 
D ■ ■ ■ Dcj). This means that the flow of describes the linear deviation of nearby 
geodesic of S. That is, the flow of describes the evolution of Jacobi fields. 
Similarly, flows of higher order Ufts describe higher order derivatives of geodesic 
deviations. 

Proposition 6.4 (New Jacobi fields from old ones). Suppose , , S"^ , . . . are 

defined as above, and suppose that j : I ^ T'^'M is a geodesic for some S*". 

(i) Ifr > 0, to £ ^> '^f^d C > 0, then j{Ct + to) o geodesic of S^'. 

(ii) If r > \ and k: I ^ T''"M is another geodesic of S"' such that iTr-i o 
j{t) = Tir-i ° k{t), then 

aj + Pk, a, /3 G M 

is a geodesic of S^. 
(Hi) Ifr>l, then o j : I ^ T'^M is a geodesic of S^. 

(iv) Ifr > 1, then vr^-i o j : I T''"~^M is a geodesic of S^~^. 

(v) Ifr > 2, then (L>7r,._2)(i) : I ^ T''~^M is a geodesic ofS'-^. 

(vi) Ifr > 0, then f : I T'+^M is a geodesic ofS''+^. 

(vii) Ifr > 0, then tj'{t) : I T'+^M is a geodesic ofS''+^. 

(viii) Ifr > 1, then Er o j : I ^ T^'^^M is a geodesic of S^^^. 



(ii)\ and |f/vj| follow using equations (l28l) . (l30l ). and (|3T]) . 



Proof. Properties [(7) 
Properties |f vi)\ [(vn) and |fv;7/j| follow by locally studying geodesic variations 



V{t,s) 
Vit,s) 
Vit,s) 



and using Proposition 16.31 (/). Property |f follows using geodesic equations for 
S^'^ in Section [inl and equation (l26l) . Property [fvjjfollows using equation (ITOl) . □ 



6.3. Conjugate points. Suppose 5" is a spray on T' A/ for some r > 0. If a, 6 
are distinct points in T'^M that can be connected by a geodesic 7 : [0, L] — > T^M, 
then a and b are conjugate points if there is a Jacobi field J: [0, L] T''+^M 
along 7 that vanishes at a and b, but J is not identically zero (with respect to vector 
space structure in equations ©-(O). 

The next proposition shows that 5 has conjugate points if and only if S'^ has con- 
jugate points. Thus the complete lift alone does not remove conjugate points. 

Proposition 6.5 (Conjugate points and complete Uft). Suppose S is a spray on 
T^'M for some r > 0. 

(i) Ifa,b £ T'^'M are conjugate points for S, then zero vectors in T^~^^M 
and Tl^^^M are conjugate points for S^. 

(ii) Ifa,b£ T^M are conjugate points for S, then there are non-zero conju- 
gate points in T^~^^M and T^'^'^M for S^. 

(Hi) If a,b £ T^^^M are conjugate points for S'^, then 7rr{a),7Tr{b) are con- 
jugate points for S. 
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Proof. For property [(T)| suppose J: [0,L] T^^^M is a Jacobi field of S that 
shows that a and b are conjugate points. Then the claim follows by studying Jacobi 



field Er+i o J. For property \(ii)\ suppose that J: [0,L] —>■ T^+^M is as in[(7J 



and let 7: [0,L] ^ T^M be the geodesic 7 = vr^ o J for S. We will show 
that 7'(0),7'(L) G T'^+^M \ {0} are conjugate points for 5'=. This follows by 
considering Jacobi field j : [0, L] T^'+'^M, 

j{t) = ds{j'{t) + sJ{t))\s=0. 

The claim follows since j vanishes at and L, but j is not identically zero. For 
property suppose J: [0, L] — > T'^+^M is a Jacobi field of S'^ that shows that 
a and b are conjugate points. Then J is a geodesic of S'^'^, and locally J satisfy 
equations in Section lOl If Jacobi field j = {D7rr){J) does not vanish identically, 
the claim follows. Otherwise {DiTr){J) vanishes identically, and the result follows 
by the last comment in Section 16711 □ 



7. Sprays restricted to a semi-distribution 



From a spray 5 on M one can construct a new geometric space by restricting the 
spray to a geodesically invariant distribution A C TM. This is done by requiring 
that all geodesies are tangent to the distribution. For example, geodesies in Eu- 
clidean space R-^ can in this way be constrained to xy-planes. See BAnaOU |Lew961 
ILew98l . 

In this section we study a slightly more general geometry, where one can not 
only restrict possible directions, but also basepoints for geodesies. For example, 
geodesies in can in this way be constrained to one line or one plane. For a 
spray on T^M, this is done by requiring that geodesies are tangent to a suitable 
geodesically invariant submanifold A C T'"+^M. Such a submanifold will be 
called a semi-distribution and the restricted geometry will be called a sub-spray. 
There does not seem to be any work on this type of geometry. The terms semi- 
distribution and sub-spray neither seem to have been used before. 

Definition 7.1. A set A C T^'+^M where r > is a semi-distribution on T^M if 

(i) 7r,.(A) is a submanifold in T^M. 

(ii) B = TTr o Kr+i{A) is a submanifold in T^M. 

(Hi) There is a A; > 1 such that every b ^ B has an open neighbourhood 
U C B, and there are k maps Vi, . . . , : U ^ T'^+^M such that 

(a) o = i for i = 1, . . . , k, where l is inclusion U ^ T^M, 

(b) are pointwise linearly independent, 

(c) for all u G [/ we have 

Kr+i(A) n 7r^^(n) = span{Vi(M), . . . , yfc(u)}. 

(In (b) and (c), the linear structure of T^^^M is with respect to equations 
ffl-@.) 

We say that k is the rank of A and write rank A = k. 

In condition (ii), B = 7ro(A) when r = 0, and B = {DTTr-i){A) when r > 1. 
Thus, if r = and 7ro(A) = M, a semi-distribution is a distribution in the usual 
sense. Condition ( Hi) states that there is a A; dimensional vector space associated to 
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each b ^ B, and \ < k < 2'^ dimM. When r = 0, the structure of these vector 
spaces in A is given by equations ([T])-©, and when r > 1, the structure is given by 
equations (O-©. The next example motivates the use of vector space structure in 
equations ([S]!-® when r > 1. Namely, these equations describe the natural vector 
space structure for tangents to Jacobi fields. 

Example 7.2. Let 5" be a spray on T^Af for some r > 0, let 7: / ^ T'^M be 
a geodesic of S, and let X(7) be the set of vector fields along 7 with the vector 
space structure defined by equations ([T]!-©. Furthermore, let Ji, J2 G ^(7) be 
Jacobi fields along 7, such that locally 7 = (x), Ji = (x, y), and J2 = (x, z). For 
a, /3 G M we then have 

aJi + (3J2 = {x, ay + (3z), 
(qJi + /?J2)' = {x,ay + Pz,x,ay + Pz) 
= a - J[+ P- J2, 

where on the last line, + and • are as in equations Q-®. Thus, if we define 
the vector space structure for Jacobi fields by equations ([Hi-©, then the natural 
vector structure for tangents (and initial values) is given by equations dSjl-®. On 
the other hand, the multiplication operator in equation Q appears naturally when 
reparametrizing a curve. If J: / — > T^M is a curve for r > 0, and j{t) = 
J{Ct + to), then j'{t) = C ■ J'{Ct + to), where • is as in equation Q. □ 

Proposition 7.3. Suppose A is a semi-distribution on T^M and B = iTrOKr-^-i (A). 
Then A is a sub-manifold in T'^'^^M and 

dim A = dim 5 + rank A. 

The proof of Proposition |73]follows by setting A = Kr.+i(A) in the lemma below. 
We also use this lemma to prove Proposition 18.31 

Lemma 7.4. Suppose A is a subset A C T^^^ M for some r > such that 

(i) TTr{A) is a submanifold in T^'M. 

( ii) There is a k > 1 such that every b iTr {A) has an open neighbourhood 
U C TTr{A), and there are k maps Vi, . . . , : U T'^^^M such that 

(a) TTr oVi = tfor i = 1, . . . ,k, where c is inclusion U ^ T^M, 

(b) Vi, . . . , Vfc ore pointwise linearly independent in U, 

(c) for all u we have 

yln7r7^(ti) = sY>an{Vi{u),...,Vk{u)}. 
(In (b) and (c), the linear structure ofT^^^M is with respect to equations 

Then A is a submanifold ofT^~^^M of dimension dim7rr(A) + k. Moreover, if we 
can assume that U = iir (A), then A is diffeomorphic to vr^ [A) x R'^. 

Proof. Let ^ ^ A. Then 7r,.(^) has an open neighbourhood U C TTj-iA) with k maps 
Vi, . . . , : U ^ T''+^M such that (a), (b), and (c) hold. By possibly shrinking U 
we can find maps Vk+i, • • • , Vat : U T^'+^M, where N = dim T^+^^M, such 
that TTj. o Vi = i for i = 1, . . . , N , and for all u G U, 

7r;r^(n) = span{Vi(n), . . . , VAr(ti)}. 
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Let / be the diffeomorphism f : U x vr^ ^([/) defined as 

f{u,ai,...,aN) = aiVi{u)-\ haArVAr('u). 

Let 5 : U xR'' ^ vr"^ (U) be the restriction of / onto U xR^. Then 5 is a smooth 
injection and immersion such that (7 ([/ xR^) = An7r~^(C/), andmap /^^o^r: U x 
R'' —>■ U X is the inclusion {u,ai, . . . , Uk) ^—^ (u, qi, . . . , a^, 0, . . . , 0). Since 
a closed set in a compact Hausdorff space is compact, ° gis proper. Thus g is 
proper, and the claim follows from the following result: If / : M ^ is a smooth 
map between manifolds that is proper, injective, and an immersion, then f{M) 
is a submanifold in N of dimension dim M, and / restricts to a diffeomorphism 
f: M ^ F{M). See results 7.4, 8.3, and 8.25 in IILee03L □ 

7.1. Geodesies in a sub-spray. 

Definition 7.5 (Geodesically invariant set). Let be a spray on T^M where r > 0. 
Then a set A C r'"+^M is a geodesically invariant set for S provided that: 

If 7 : I ^ T^'M is a geodesic of S with 7' (to) € A for some to G L then 
i{t) e A for all t € /. 

Definition 7.6 (Sub-spray). Suppose 5 is a spray on T^M for some r > 0, and 
A is a geodesically invariant semi-distribution on T"^ M. Then we say that triple 
S = (5, T^' M, A) is a sub-spray. A curve 7 : / ^ V M is a geodesic in S if 

(i) 7 : I ^ T'' M is a geodesic of 5, 

(//j 7'(to) € A for some to € / (whence 7'(t) G A for all t £ I). 

By taking A = T'"+^M, we may treat any spray as a sub-spray. Let us also note 
that if A C T'+^M \ {0} where r > 0, then 

^^(A) C T^'M, TTr o Kr+l{A) C T'^M \ {0}. 

Let S = (5, T^M, A) be a sub-spray for some r > 0. Then 

A\{0} = {7'(0) : 7: (-e,e) ^T'^MisageodesicinS}, 

7rr(A\{0}) = {7(0) : 7: (-e,e) ^T^'M is a geodesic in S}. 

In other words, a vector ^ G T^'+^M is in A \ {0} if and only if there is a geodesic 
in S whose tangent passes through ^, and a point x G T^'M is in 7rr(A \ {0}) if 
and only if there is a geodesic in S that passes through x. We therefore say that 
A \ {0} is phase space for S, and 7r.f.(A \ {0}) is configuration space for S. When 
r > 1, the set i? = (i57rr_i)(A) satisfies 

5\{0} = {(7rr_iO7)'(0) : 7: (-e,e) ^T'^MisageodesicinS}. 

and we can interpret B \ {0} as phase space of geodesies in S that have been 
projected onto T^^^M. 

Example 7.7 (Geodesies through a point). Let S = (5, T^M, A) be a sub-spray 
for some r > 0, and let z G 7r,.(A \ {0}) be a point in configuration space. Then 
the set 

A{z) = A n (TJ+^M \ {0}) 

parametrizes initial values for geodesies that pass through z. Let us study the 
structure and the degrees of freedom for A(2;). 
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When r = 0, the structure of A{z) is easy to understand; the set A{z) is a punc- 
tured vector subspace of TzM whose dimension is the rank of A. 

When r > 1, the structure of A(z) becomes more comphcated. For example, in 
Section |8l we construct a sub-spray where configuration space and phase space 
are diffeomorphic, and A{z) contains only one vector. To understand this, let 
us assume that A is represented in canonical local coordinates (x, y, X, Y) for 
T^'+^M. That is, we here only consider coordinates {x,y, X,Y) that belong to 
A. Then coordinates {x,y, X,Y) have dim A = diuiB + rank A degrees of 
freedom. Coordinates {x,X) represent submanifold B. They have dimB degrees 
of freedom, and once (x, X) G i? is fixed, coordinates {y, Y) parametrize the 
rank A dimensional vector space associated with {x,X). If z = (xo,yo)> then 
geodesies that pass through z are parametrized by {xq, yo, X, Y), but very little can 
be said about possible values for {X, Y). Coordinates (x, X) have dim B degrees 
of freedom, but we do not know how these divide between x- and X-coordinates. 
Similarly, coordinates (y, Y) have rank A degrees of freedom, but we do not know 
how these divide between y- and Y-coordinates. □ 

The next proposition shows that geodesies in a sub-spray on T^M have a linear 
structure when r > 1, but geodesies are not necessarily invariant under affine 
reparametrizations. 

Proposition 7.8. Let S = {S, T'^M, A) be a sub-spray where r > 0. 

(i) Suppose that j : I ^ T^M is a geodesic in S. If to G M, and C > 0, then 
j{Ct + to) is a geodesic in S ifr = or C = 1. 

(ii) Suppose that r > 1. If j,k: I ^ T^'M are geodesies in S such that 

TTr-i ° j{t) = T^r-i ° k{t), then 

aj + 13k, a, /3 G M 

is a geodesic in S. 

Proof. Property (i) follows since reparametrizations scale tangent vectors as in 
equation Q, and this multiplication is only compatible with the vector structure 
of A when r = or C = 1. Property (ii) follows using equations (fT5l)-(fT6l). □ 

7.2. Jacobi fields for a sub-spray. Proposition 16.31 shows that for sprays, Jacobi 
fields on compact intervals can be characterized using geodesic variations. For 
sub-sprays, we take this characterization as the definition of a Jacobi field. 

Definition 7.9 (Jacobi field in a sub-spray). Let 7 : I ^ T^M be a geodesic in a 
sub-spray S = (5,r^M, A) where r > 0. Suppose that J: K T^'+^M is a 
curve where K C I is compact, and y is a map V : I x {—e, e) T^M such that 

(i) t V{t, s), t G / is a geodesic in sub-spray S for all s G (— e, e), 

(ii) V{t, 0) = 7(t) for t G I, 

(Hi) J{t) = dsVlt, s)\s=o for t G K. 

Then J: K T^'^^M is a Jacobi field along 7. 

By Proposition l6.3l (ii). a Jacobi field for a sub-spray (5, T^M, A) is a Jacobi field 
for the spray S. The converse also holds when A = T^+^M. 
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8. A SUB-SPRAY FOR PARALLEL JACOBI FIELDS 

This section contains the main results of this paper. We construct a sub-spray P 
whose geodesies are in one-to-one correspondence with parallel Jacobi fields, and 
study its geodesies. 

Definition 8.1 (Parallel Jacobi field). Let 5 be a spray on M, and let J: / ^ TM 
be a curve. Then J is called a parallel Jacobi field for S if there are a, /3 G M, and 
a geodesic c: I ^ M such that 

(38) J{t) = ac'{t) +ptc'{t), tel. 

If I is closed we say that a curve J: I ^ TM is a parallel Jacobi field if J can be 
extended into a parallel Jacobi defined on an open interval. Proposition 16.41 shows 
that a parallel Jacobi field is a Jacobi field. 

Lemma 8.2. Suppose J : I ^ TM is a parallel Jacobi field. 

(i) IfC > and to £ M, then J{Ct + to) is a parallel Jacobi field. 

(ii) J can be extended to the maximal domain of geodesic c = tttm^m ° J, 
and the extension is a parallel Jacobi field. 

To construct sub-spray P, let 5 be a spray on a manifold M, let S'^'^ be the second 
complete lift of S, and let A be the geodesically invariant semi-distribution on 
TTM defined in Proposition 18.31 Then we define sub-spray P as 

p = {S^<',TTM,A). 
Proposition 8.3. Suppose S is a spray on a manifold M, and let A be the set 

A = { (k2 o J')'(O) : J : {-£,e) ^ TM is parallel Jacobi field for S} . 
Then 

(i) A C TTTM \ {0}, 

(ii) A is a geodesically invariant semi-distribution on TTM of rank 2, 
(Hi) phase space A and configuration space 7r2(A) are diffeomorphic. 

Proof. Let us first note that A consists of points 

(x(0), ±(0), ax(0), ax(0) + /3x(0), 

i(0), x(0), ax(0) + /3x(0), ax (0) + 2/3x(0)) , 

where a, /3 G Randc: {—e,e) M is a geodesic c{t) = (x(t)). By Lemma l7.4l 
(and by the result used to prove Lemma l7!4b . it follows that sets 

7r2(A) = {aS{y)+[iEi{y):yeTM\{Q},a,[5£^], 
(i^7ri)(A) = {5(2/) :y GrM\{0}}, 

are submanifolds in TTM diffeomorphic to TM \ {0} x and TM \ {0}, re- 
spectively. Let i be the inclusion B ^ TTM, where B = {Dt^i){A), and let S 
be the diffeomorphism S: TM ^ B such that S = loS and = vri o 
By the geodesic equation for S'^ and the definition of it follows that 

«3(A) = {DS){t12{A)) 
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where Vi,V2: B ^ TTTM are smooth maps 

Vi = DS o L, V2 = DS o El o TTi o i. 

Now 7r2 o Vi = i for i = 1, 2. A local calculation shows that Vi and V2 are 
pointwise linearly independent. Hence A is a semi-distribution on TTM, and by 
Lemma 1741 K3(A) is diffeomorphic to B xM?. 

To prove that A is geodesically invariant, let 7 : I ^ TTM be a geodesic of S'^'^ 
with 7'(0) G A. By Proposition [631 it follows that 

(39) 7(t) = o J'(t), te{-e,e) 

for a parallel Jacobi field J: (— e,e) —>■ TM. By Lemma [8^ f'//) we can extend 
J into a parallel Jacobi field J : I ^ TM such that ([391) holds for all t E /. If 
to £ I, we have 7'(to) = (^^2 o -^O'CO) f^i" parallel Jacobi field J{t) = J{t + to), 
and fi'/j follows. Property (in) follows since both submanifolds are diffeomorphic 
to 5 X M^. □ 

Let us note that configuration space 7r2(A) is a proper subset of TTM, and 

dim7r2(A) = 2n + 2, dimA = 2n + 2, dim(i:»7ri)(A) = 2n. 

The next proposition shows that geodesies in P are in one-to-one correspondence 
with parallel Jacobi fields for M. 

Proposition 8.4 (Geodesies in P). Suppose 7 : / ^ TTM is a curve. Then the 
following are equivalent: 

( i) 7 is a geodesic in P. 

(ii) There is a parallel Jacobi field J: I ^ TM such that 

j{t) = K2oj'{t), tel. 
(Hi) There is a geodesic c: I ^ M and a, (3 GM such that 
7(t) = {a + I3t)c"{t) + l3Ei o c'{t), t e I. 
Moreover, in (ii) and (Hi) J and c,a, (3 are uniquely determined by 7. 

The next proposition shows that the geometry of P can be used to study dynamical 
properties of M. 

Proposition 8.5. Projection ttttm^m ■ TTM M is a submersion that maps 
geodesies in P into geodesies on M. 

A sub-spray (S, T^M, A) where r > is complete if any geodesic 7 : / — > T^M 
can be extended into a geodesic 7 : M — > T^M. 

Proposition 8.6. Sub-spray P is complete if and only if M is complete. 

Proof. Suppose P is complete. By Proposition 18.41 any geodesic c: I —>^ M can 
be lifted into a geodesic a" : I —>^ TTM for P. The converse direction follows by 
Proposition 18.41 and Lemma [8^ ( ii). □ 
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In general, a geodesic c : I ^ M for a spray S on M is uniquely determined by 
c'(0). The next proposition shows that in sub-spray P, a geodesic 7: / ^ TTM 
is uniquely determined by 7(0). This is not surprising in view of Proposition 18.31 
(in). 

Proposition 8.7. Ifji: h TTM and 72 : ^2 ^ TTM are geodesies in P with 
7i(0) = 72(0), then 71 = 72 on their common domain. 

Proof. By Proposition 18.41 we have that 74 = ^2° J'i for parallel Jacobi fields 
Ji-. I ^ TM, 1 = 1,2. Hence J((0) = J2(0), and the claim follows. □ 

Proposition 18.71 imposes a strong restriction on the behavior of geodesies in P. 
For example, if two points in TTM can be connected with a geodesic in P, then 
the geodesic is unique (up to loops). Also, any piece-wise geodesic curve that is 
continuous must be smooth. Therefore P has no broken geodesies nor geodesic 
triangles. 

For a sub-spray we define conjugate points as for sprays (see Section [631) . 
Proposition 8.8. Sub-spray P has no conjugate points. 

Proof. If a Jacobi field vanishes once. Proposition 18.71 implies that the correspond- 
ing geodesic variation is trivial. □ 
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